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Duquesne simplest quartic field
21([2], 2007). $k\in Z,$ $n:=16+(6k^{2}+2k-1)^{2}$ $E$
$y^{2}=x^{3}-nx$














$P_{1}=(-a^{2},4b^{3}),$ $P_{2}=(2ab, a^{3}+4b^{3}),$ $P_{3}=(-2ab, a^{3}-4b^{3})$ .
23. $a^{6}+16b^{6}$ square-free, $ab$ $3||b$
$E_{a,b}(\mathbb{Q})$ 3 $\{P_{i}, P_{j}\}(i=1,2,3, i\neq j)$
2
24. $y^{2}=x^{3}+n$ (
$l4$ , Theorem 5. $S \int)$ $E_{a,b}(\mathbb{Q})$
3




$\{G_{1}, G_{2}, ..., G_{r}\}(s\leq r)$ $[\{G_{1}\}+\langle G_{2}\}+$
. . $.+(G_{s}\rangle$ : $\{Q_{1}\rangle+\langle Q_{2}\rangle+\cdots+\langle Q_{8}\}]$ $\{Q_{1}, Q_{2}, \ldots, Q_{8}\}$
2 $\{P_{i}, P_{j}\}(i=1,2,3, i\neq j)$ 2
1
Duquesne




3.1. $m_{a,b}$ square-free, $ab$ $3||b$ $P_{1},$ $P_{2},$ $P_{3}$ ,
$P_{1}+P_{2},$ $P_{2}+P_{3},$ $P_{1}+P_{3},$ $P_{1}+P_{2}+P_{3}\not\in 2E_{a,b}(\mathbb{Q})$ $P_{1},$ $P_{2},$ $P_{3},$ $P_{1}\pm P_{2}$ ,
$P_{2}\pm P_{3},$ $P_{1}$ $P_{3},$ $P_{1}+P_{2}$ $P_{3},$ $P_{1}-P_{2}$ $P_{3}\not\in 3E_{a,b}(\mathbb{Q})$ $P_{1},$ $P_{2}$ ,
$P_{3}$ $\{P_{1}, P_{2}, P_{3}\},$ $\{P_{1}, P_{2}\},$ $\{P_{2}, P_{3}\},$ $\{P_{3}, P_{1}\}$ 2 3








$E(\mathbb{Q})$ $Q$ $X$ $x(Q)=u/s^{2}$
$(g_{C}d(u, s)=1)$ $Q\not\in 2E(\mathbb{Q})$
(1) $n$ : $u\not\equiv O(mod 8),$ $s$ :
(2) $n\equiv 1(mod 9),$ $u\equiv 2(mod 3),$ $s\not\equiv O(mod 3)$ .
33. $gcd(u, s)=1$




(1) $n$ : $u$ :
(2) $n\equiv 1(mod 9),$ $u\equiv 1(mod 3),$ $3||s$ .
31
35. $A$
$A$ $P_{f}Q,$ $R$ : $P,$ $Q,$ $R_{Z}P+Q,$ $Q+R,$ $P+R,$ $P+Q+R\not\in 2A$
$lf^{\backslash }P,$ $Q,$ $R$
$kP+lQ+mR=0$ $k,$ $l,$ $m$
$k,$ $l,$ $m$ $(k, l, m)=(2k’, 2l’, 2m’)$ $k’P+l’Q+m’R=0$
$k,$ $l,$ $m$ $0$
$(k, l, m)=(0,0,0)$ .
4 Canonical height
canonical height $P_{1},$ $P_{2}$ ,
$P_{3}$ canonical height $E_{a,b}(\mathbb{Q})$ canonical
height Siksek
5
canonical height $P=(x, y)(x=n/d$,
$gcd(n, d)=1)$ nafve height $h(P)= \max\{\log|n|, \log|d|\}$
canonical height
$\hat{h}(P)=\lim_{narrow\infty}\frac{h(2^{n}P)}{4^{n}}$
$Q_{i},$ $Q_{j}\in E(\mathbb{Q})$ height pairing
$\{Q_{i},$ $Q_{j} \rangle=\frac{1}{2}(\hat{h}(Q_{i}+Q_{j})-\hat{h}(Q_{i})-\hat{h}(Q_{j}))$
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$R(Q_{1}, Q_{2}, \ldots,Q_{s})=\det(\{Q_{i},$ $Q_{j}\rangle)_{1\leq i,j\leq s}$
canonical height free part
$\{G_{1}, G_{2}, \ldots, G_{r}\}$ $P=x_{1}G_{1}+x_{2}G_{2}+\cdots+x_{r}G_{r}$
$\hat{h}(P)=^{t}x(\{G_{i},$ $G_{j}\rangle)_{1\leq i,j\leq s}x$ $x=^{t}(x_{1}, x_{2}, \ldots, x_{r})$
$\hat{h}(kP)=k^{2}\hat{h}(P)$
canonical height
4.1. (Siksek, [5, Theorem 3.1]) $E/K$ $K$ $r(\geq 2)$
$Q_{1},$ $Q_{2},$
$\ldots,$
$Q_{s}(s\leq r)$ $E(K)$ $\nu$ $\{Q_{1}, Q_{2}, \ldots, Q_{8}\}$
$\lambda>0$ $P\in E(K)$
$\hat{h}(P)>\lambda$
$\nu\leq R(Q_{1},Q_{2}, \ldots, Q_{s})^{1/2}(\gamma_{8}/\lambda)^{s/2}$. (4.2)
$\gamma_{s}$
$\gamma_{1}^{1}=1,$ $\gamma_{2}^{2}=4/3,$ $\gamma_{3}^{3}=2_{:}\gamma_{4}^{4}=4$ , ...
5 Local height
canonical height local height
5.1. (Neron, Tate, [6]) $K$ $v$ $K_{v}$ $|\cdot|_{v}$
$E$ $y^{2}+a_{1}xy+a_{3}y=x^{3}+a_{2^{X^{2}}}+a_{4}x+a_{6}(a_{1}, a_{2}, a_{3}, a_{4}, a_{6}\in K)$
3 $\hat{\lambda}_{v}$ : $E(K_{v})\backslash Oarrow \mathbb{R}$
(1) $2P\neq O$ $P\in E(K_{v})$
$\hat{\lambda}_{v}(2P)=4\hat{\lambda}_{v}(P)-2\log|2y(P)+a_{1}x(P)+a_{3}|_{v}$.
(2) $\lim_{v-adic}(\hat{\lambda}_{v}(P)-\log|x(P)|_{v})$
(3) $O$ (v-adic) $\hat{\lambda}_{v}$
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5.2. $\hat{\lambda}_{v}$ local height function canonical height
2 canonical height local
height function 2 local height function
(1) $\frac{1}{2}\log|\Delta|_{v}$
$x$





Silverman ([6, THEOREM 5.2]) $y^{2}=x^{3}+n$
5.3. $n$ square-free $E$ $y^{2}=x^{3}+n$ $P=$
$(\alpha/\overline{\delta}^{2}, \beta/\overline{\delta}^{3})(\alpha, \beta, \delta\in Z, \delta>0, gcd(\alpha, \delta)=gcd(\beta, \delta)=1)$ $E$
$\sum_{p:p\dot{n}me}\hat{\lambda}_{p}(P)=2\log\delta+\lambda_{2}’(P)+\lambda_{3}’(P)$ ,
$\lambda_{2}’(P)=\{\begin{array}{ll}0 (ord2(\alpha)=0),-\frac{2}{3}\log 2 (ord_{2}(\alpha)\neq 0),\end{array}$
$\lambda_{3}’(P)=\{\begin{array}{ll}0 (ord_{3}(\beta)=0),-\frac{1}{2}\log 3 (ord_{3}(\beta)\neq 0).\end{array}$
2 Tate
$b_{2},$ $b_{4},$ $b_{6},$ $b_{8}\in Z[a_{i}](i=1,2,3,4,6)$ $E$








5.6 ([1], Algorithm 7.5.7).
$\hat{\lambda}_{\infty}(P)=\frac{1}{16}\log|\frac{\Delta}{q}|+\frac{1}{4}\log(\frac{\omega_{1}y(P)^{2}}{2\pi})-\frac{1}{2}\log|\theta|$ ,
$\omega_{1},$ $\omega_{2}$
$E$ $\omega_{1}>0,$ ${\rm Im}(\omega_{2})>0,$ ${\rm Re}(\omega_{2}/\omega_{1})=-1/2$
$q=\exp(2\pi i\omega_{2}/\omega_{1}),$ $\theta=\sum_{n=0}^{\infty}(-1)^{n\frac{n(n+1)}{2}}q\sin\{2\pi(2n+1){\rm Re}(z_{P})/\omega_{1}\}_{f}\Delta$
$F$ $E$
discriminant, $z_{P}$ $P$ elliptic $logathm$
( ) canonical height
6 Canonical height
$\hat{\lambda}_{\infty}(P_{1}),\hat{\lambda}_{\infty}(P_{2}),\hat{\lambda}_{\infty}(P_{3})$ 5.4
$x$ $d$ $y^{2}=(x-d)^{3}+m_{a,b}$ $P_{1},$ $P_{2}$ , $P_{3}$








) 1/ $4^{}$ $\log|z(2^{2}P_{2}’)|$
0.062326 $<z(P’)<$
120.351634 ( $P’$ )






$\frac{1}{3}\log m_{a,b}-0.7441<\hat{h}(P_{1})<\frac{1}{3}\log m_{a,b}+0.5409$ ,
$\frac{1}{3}\log m_{a,b}-0.7579<\hat{h}(P_{2})<\frac{1}{3}\log m_{a,b}+1$ . 0515,
$\frac{1}{3}\log m_{a,b}-0.5113<\hat{h}(P_{3})<\frac{1}{3}\log m_{a,b}+0.5665$ .
$E_{a,b}(\mathbb{Q})$ ( ) canonical height















23 3.1 3 2 3
(4.2) $\{P_{2}, P_{3}\}$ $\lambda=\frac{1}{12}\log m_{a,b}-0.147152$
$\nu\leq\sqrt{\frac{4}{3}\frac{\hat{h}(P_{2})\hat{h}(P_{3})-\frac{1}{4}\{\hat{h}(P_{2}+P_{3})-\hat{h}(P_{2})-\hat{h}(P_{3})\}^{2}}{(\frac{1}{12}\log m_{a,b}-0147152)^{2}}}$
$<\sqrt{\frac{4}{3}\frac{\hat{h}(P_{2})\hat{h}(P_{3})}{(\frac{1}{12}\log m_{a,b}-0147152)^{2}}}$
$<\overline{\frac{4}{3}\frac{(\frac{1}{3}\log m_{ab}+l0515)(\frac{1}{3}\log m_{ab}+05665)}{(\frac{1}{12}\log m_{ab}-0l47152)^{2}}}$
$a>6321$ $b>3982$ 5
$\{P_{2}, P_{3}\}$ $\{P_{3}, P_{1}\},$ $\{P_{1} , P_{2}\}$
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